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INTRODUCTION

It has become g':learer and crleare:r in recent y_ea_rs,‘ as can bg: seen
from such work as [1,2], that.pro"ble‘n}s in the calculus of .variations,
optimal confrol and nonlinear programming canbbe treated in a corhpleteiy
unified mr;Lnner, at least as far aé -optimality ‘cbnditioné are concérned.

It has also become éleér that discrete optimé.l control problems can be
recast as standa:rd nonliﬁear programming forms which' are solvable by ‘\
standard algorithms. L , - : - s

The purpose of this paper is to show that the seeming ease with
which nonlinear ‘proéramming Talgorith_rns can be applied to »discrete
optimal control i)roblems is déceptive, and thét severe ill conditioning
may occur due to the exponential nature 'of.so.luti(lms of a difference
equation. However, this paper also shows that it is, ne.v‘erthe‘less, possible
to make efféctive use of nonlinear programming results, such as the .
convergence theory discussed in [ 3], for thevconstx'»uction of very
efficient, large step, optimal control algorithms. Incidentally, it should
be poin'ted.out that the algorithm présented in this paper is not tvhe.e only
one which combines both optimal control andvnonlixtlear programming ideas.
For a comparison, see:the algorithm by Barr and Gilbert [ 4], which
also uses a geometric transcription but has entirely different rules for
selecting the next point. |

In conclusion, the author wishes to express the hope that the

- tentative steps presented in this paper for merging optimal. control and



(1)

(2)

nonlinear programming ideas will contribute to a new generation of very

efficient optimal control algorithms.

I. A CLASSICAL APPROACH

- Statement of the Minimum Engeréy Problem: We are given a dynamical

systemdescribed by the difference equation

Xi+1 :AXi +bui+1, 1 = 0)1, oo oy N"'l

where xie Rn is the state of the system at time i, i =0,1,2,...,N,

1 , : | .
ui+lE R is the system input at timei, i =0,1,...,N~l, and Ais a

n X n matrix, and b& Rn. ) '

We are required to find a control sequence 1 = (G.l, GZ’ os oy ﬁN)

which minimizes the cost

subject to the constraints that [ui[ =1, fori=12,...,N, and that the

i

corresponding trajectory §0, 521, vee, %\I’ determined by (1) must satisfy

}EO =c, (a given vector in R) and chE Q, (a given set in R").

Case 1: The set 2 consists of the point CNE r” only, i.e. 2 = {CN}.

This case of the minimurh energy problem can be solved by
standard quadratic programming algoﬁthms, such as, say, that of
Wolfe [5]. To transcribe the minimum energy problem into a standard

quadratic programming problem, we proceed as follows,



(3)

(4)

(5)

(6)

Solving (1) for x

N Ve obtain (with X, 2.00)
N-1
N ' N-i-1
xN—A c0+ ZA bui+l'

Let'ri AN fori=1,2,..., Nandletd = AN¢ , then (3)

O!

becomes

Letting R be a n X N matrix whose i-th column is r, and setting

c=cy- d, the minimum energy problem becomes
N .
s 1 2 . .
minimize 3" ui subjectto Ru=¢, -1= ui <4+1fori=1,...,N,
i=l '
which is a standard bounded variable, quadratic programming problem
with a unique solution. To apply the Wolfe method [ 5], or any other

method which utilizes the Simplex algorithm [ 5], we pei'form one more

transformation. Thus, fori=1,2,...,N, let ZWi =u +1, Zvi =-u +1.

-/

- Then (5) becomes,

N
sl s 1 2 .
minimize = (Wi-Vi) subject to R(w=-v) = ¢, w, + v, = 1 and

i=l

wiZO, ViEO, fori=1,2,...,N.

Applying the Kuhn~Tucker necessary and sufficient conditions [6]

~ to (6), we find that u, = W, - fori=1,2,...,N, is optimal if and only if

1

. L ‘ ,
for some v(_ectors L!( ,» U in Rn and vectors §l, §2 in RN‘

7.
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with & % 0, gzi Oand ( §,w) =( &, v) =0, and] = 11,00, 0). Wolfe's
(or, for that matter, many related algorithms, such as Lemke's [7])
algorithm [5] solves (7) by a modification of the Simplex: algorithm [ 5 ],
and which in turn requires the inversion kkof (3N+4n) X (3N+n) submatrices

of the matrix in (7). Since the top row of RT (and the first columns of R)
will be very close to zerowhenN is large, it is clear that such submatrices
will often be very difficult to invert, resulting in severe ill conditioning.
The severity of this ill conditioning, of course, dependsﬂ‘ on N, since for

N large, most of the rows of RT will appear to be zero tro a digital
computer,

Thus, standard quadratic programming algorithms become ill-

conditioned when used for solving certain optimal control problems.

s

Case 2: The set Q is a unit ball with center at the origin, i.e.

Q= {xl ”x” § 1}. Because 2 is a ball, we can solve this case by
modifying a gradient method due to J. Plant [8 ] which he used for
continuous time problems. Thus, applying necessary conditions of

optimality (which in this case are also sufficient) (see [1.]) directiy to

-4



(8)

(9)

(10)

(11)

(12)

the minimum energy problem, we find that the control sequence

-~

(with corresponding trajectory c yees, :EN) is optimal

l,uz,...,uN 0’ ¥
if and only if there exist co-state vectors Py Py Pyseves pN in Rn such

p.—'-é& p_ fOIl—Ol...N
]I] 2 2 2

Py = p;{N if H:ENH =1 for some B <0

0 if H;EN]] <1
and, fori=12,...,N,
(‘

-u, + (pub) = 0if |6, <1

( -9, +(p,b)z0ify =1

- u. + P b =0 ].f U, = = l
i < i’ ) ]‘
\

For A nonsingular (which will be the case if (1) is a sampled~data .

N-i-1 T

continuous system), W& have that p, = (A ) PN ‘and from (10)

Gi = sat( ( pi,b }) (where sat(x) = x for lxl =1, and sat(x) = sgn x for

~

le >1). Setting x éSﬂv and making use of (9), we therefore obtain

N

ui=sat( Bv,ri) fori=1,2,...,N,

where T, = AN_lb, as before.

Note; It is rather easy to show that “;;N” =1 (i.e. that it is on the

boundary of the ball), that ;CN must satisfy ( ;{N’ ANCO )y 20, and that
the optimal control éequence ﬁl, ﬁz, cee,

N’ and, consequently, also the

-5a



(13)

(14)

Y

corresponding 6ptima.1 traject'ory‘, | T c Xl’ §2, ... , ,};N’ are unique.

To appl.‘y fhé gltadieﬁt metﬁod,~~~We first ¢xpréss the initial state -
% in terrﬁs of a tefminal state VGS, whére S ={vE& En' ”v“ —;-l},' by
means of (11) and (3), (4). Thus, -

x~0 ZA r, sat ( ﬁv,r ) = f((3,v)
S .

If B <0 and vEc S are chosen properly, then x = ¢, and (11) gives the

0

desired solution. Now, the funtion f(B, v) can be shown to be one-to-one

for (B, v) in the set{ﬁ, v) | ( x}, 0) 20, Hv” —1 and l ( 5v,r ) { =1,

for at least one i~ {1, 2, ... ; N}} Hence it can be inverted to find the

ﬁ, v such that Cq = (3, v) and hence, by (11) the optimal control sequence.
Now, since v is a point on a unit sphere, v = h(0), where 0 is

its (n-1) spherical co—ordinétes., Let I(B, v)C ,{1’ 2, .e.,N} be an ‘index

set such that i& I(ﬁ,’v) if and only if {[(ﬁV, r, Yy |=1}. Suppose now we

have guessed a B < 0 and a v satisfying ”V” =1, (v, A-Nco »2 0, and

I(B, v) is not empty. Let X = f(B, v)e Then

=f(B,v) = A Z AT r )sgn(ﬁv,r)
iCI(B, v)

ZBA ri><ri,V>v,
1EI(ﬁ,v)

where I is the compliment of I, and we have started using the Dirac

bracket notation: ) indicating a column vector and ( a2 row vector. Now,



for small perturbations in p and v, 1 (B, v) will not change, and hence, to first

order terms, (14) expands as follows:

(15) (B 4+ Aﬁ,‘ v +Av) - £(B, V) = (%, + Axg) - X,

N

=A" Av_Ast A'Nri>(ri,v)

1€ 1B, v)

- pz A-Nri) ( T Av) . ‘
i€ LB, v)

Now, since v = h(@) and h is obviously differentiable, Av = —a—g-(égl AD,

to first order terms. Hence

' I
-N -N oh(6) 1| -N
(16) AXO =[(A .—[SZA. ri)- (ri) 8(6) | —Z A ri> ( ri,v):}
i

. . A
PIE1(8, v) i€ 18, v) P
s ! B 5 ]
Since, f(B,v) is 1 - 1, the matrix in (16) will be nonsingular almost always.

Hence, if we choose Ax_ = A (co-xo) with X > 0 sufficiently small for (16)

0

to remain valid, we can compute (A8, AB)by inverting the matrix in (16)

and move from X, to X, + Axo (near enough) which is closer to 4 than

X _was. -
o

Again, by inspection of (16) and the way I(B, v) was defined, we see

that matrix inversion will incapacitate this method Wheﬁ N is large, since

~ the matrix in (16) will have an extremely small determinant. Incidentally,
apart from this bad ill—-conditioning the above approach alsb suffers from

!
the fact that it cannot be demonstrated to converge.

-7 -
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II. A PARAMETRIC APPROACH

Thus, once again we find that the straightforward, textbook type
approach to a simple problem like our minimum energy problem, may

not get one very far on the way to finding a solution.

We shali now describe a new algorithm which suffers from’ none
of the defects we have encountered in the previous section. The price one
pays for this in Case 1l is that (5) can no longer be solved in a finite
number of sffeps (there seerﬁs to be no firrvlitekallgorithm forb Case 2, so
we only have gains herg). The trick, of cournse, is to avoid matrix
inversions by n;leans of parametrization.

Assumption: We shall assume that ={x| ||x-c||= p}, i.e. that itis

a closed ball with center ¢ and radius p. We do not exclude the possibility

‘that p = 0, i.e., that £ is just a point.

We must first recast the minimum ‘energy pfoblem in geometric
terms. Thus, the coﬁstrainj: -Iuil =1, for i= 1,2,...,N, ‘drerfines a hypercube;
Kin R (i.e. K = {u] lu,| Slfori=1,2,...,N}). Now, for a& [0,/ N]
(\[ﬁ is the distance from a vertex of K to t;le origin of RN), let = (o)C RN
be a closed ball of radius o with center at the origin, i.e. Z (@) =

{u | Hu” < a}. Then it is easily seen that our problem is equivalent to

finding the smallest o in [0,V N],say @, for which

r(Z:((z)) Nr(K) N2 ¢ ¢,

where ¢ is the empty set and r: RN—> R” is defined by (4), i.e.
X -



(18)

19) -

: N |
r(u) =d +Z:riui s
N

and the corresponding u which has the property that
cr (2 (epN r(K) N2 = {r(q)}.

Since the optimal control sequence u is unique when 2 is either a point
or a closed unit ball, (19) must be true, i.e. the intersection

N = r(u).

(3 =(&)) n r(i() N2 must consist of the unique terminal state x
Since the sets  and r (Z(&)) (l r(K) are both convex, there is a plane P
passing through the point XN = r(u) which separates 2 from the set
r(Z(a))ﬂ r(K). If @ has p01nts which are in the interior of r(K) then the
point r(u) is also the only point of tangency for %’ and r(Z(a))l r(K).
Otherwise the plane £’ will have many points in common With r(Z(a)) N r(K).

The gist of the algorithm we are about to describe is as follows:
(i) Insert a hyperplane P between the point r(%(0))N r( {r(O)} {d}
and the set £, with P being a tangent plane to 2 at a point v; (ii) Increase
éuntil r(Z(a))N r(K) touches P at a point w;; (iii) I.fAv = w then we are done,
since we must have found the smallest o satisfying (19). If v # w, then we
can rotate the hype.rplane P in such a way that it stays in contact with Q
but breaks away from r(Z(a))l r(K). We can then increase « and check
again if v = w.

i‘hus, we should stop ifreither v =w, in which case if v ris thé

optimal terminal state ;{N’ or else, if we have established that v = x

by independent means. It will readily be seen that our algorithm

-9-



handles the case 2 1r(K) = {;:N} automatically so that we only need
‘to check the optimality of the initial guess by independent means and

then proceed as if v =w is the case for the optimal solution.

Obviousiy, the 'rc;tation of the plane P cannot be done iI:l any old
way if one wishes to insure convergence. Hence we shall need the
following machinery to make. it work. .

(20) -k Definition: Let P (v, s’ éezylotekt'}rle hyperplane ip R" which pésses through
the point v& ﬁn, with unit normal s, i.e.

P(v, s) = {XI(X-V,S) =0}

(21) Definition: Let S = {s[ HSH =1} be a unit sphere in R™ and let v:S—> 08

(the boundary of ) be the contact function defined by the relation
( x=-v(s),s)=0for all x& Q, i.e.,

since 2 = {x | Hx - cH-S p} is a closed ball of radius p and center c,

v(s) = c + ps. Thus, if p =0, v(s) =c for all s.

(22) Definition: Let V( 92 be the set of all p\éints in 99 which can be separated
by a hyperplane from the point d = r(0), i.e., for each v &V there is a

wte

s€ S, such that v(s) = v and

(d-v(s), s) 20.

(Note, V = {c} when @ ={c}).
Furthermore, let T be the set of all points s in S such that v(s) & v.

(Note, T is a closed set).
~10-



(23)

(24)

(25)

(26)

Co#

Definition: For aG [0, 4N], let _e(qz) denote the set

e(a) = @@ Nx(K),

and let ¢c: T—> [0, NN] be a sufrogate cost function defined by

~c(s) = min{a |P(v(s),5) N €(2) #6 },
«E[0,NF] B
i.e. c(s) is the srnallest. a for which the ihterse:ction of €(a) with (
P(v(s), s), the tangent hy'pe;p;ane to Q2 at v(s) with normal s, is not empty.
Observing now, that P(v(s), s) ﬂ C(c(s)) is kth\e s‘et of terminal states for
the minimum energy‘ problem \;vith Q s_ét equal to P(v(bs), s), and that the

solution to this new problem is also unique, we conclude that

P(v(s), s) N C(c(s)) = {w(s)},

i.e. that it must consist of one point only. _

Definition: We define the map w: T — rR® by (24).

Now, it is not difficult to see that small changes in s produce

correspondingly small changes in v(s), w(§) and c(s), i.e. that all these

functions are continuous.

Definition: For any s& T, leto(s) be the arc in T defined by

. LS ENWE)-Y(S) s -
o(s) ~{SET ‘ st = Hs+)\(w(s)-—u(s))H’ 0= —1}

Again we see that small variations in s cause only small variations in

o(s), (i.e. that it is a continuous map from T into the set of all subsets

: -le- |



of T with respect to the Hausdorff metric).
We now have all the parts we need to define our algorithm,
(27) Definition: Let a: T - T be the algorithm defined by

- c(a(s)) = max c(s'),

s' € a(s)

i. e. it isthe point s' on ¢{s) which maximizes c{s'). Simple geometric
considerations lead one to believe that the algorithm a;( .) is cbntinuous,
except, perhaps, at the optimal point s (i: e. r(1) = v(g) and P(v(;),v g)
separates ‘from r(Z(a)) Nr(K). That this is indeed so is proven in [9].

(28) Theorem: Let s ., be a sequence in T generated according to

o 517 520

the law

Si+1=a(si)’ i=0,1,2,...

Then s, converges to a point s* E\T such tflat v(s*) = w(s*).
Proof; (We shall only prove this theorem for the case v:;hen a(-) is
continuous on its entire domain of definition). First, we observe that
for every s & T such that v(s) # w(s), we must have c(a(s))> c(s). Next,
we observe that for any s,s'in T, with s' £ s, w(s'). £ w(s), l.e. w(.)
is one-to-one on T. ' Lo

Since C(Si+l) > c(s'i), i=0,1,2,..., is a monotonic increasing

sequence which is bounded from above, we must have,

(29) , c(s,) > <o i€ {0,1,2,...).

oy A



Since T is closéd and bounded, the sequence {si} must contain
a convergent subsequence, {Si}’ i €K, an index set contained in

{0,1,2, ... }, with limit point s & T, say. Hence, since c(-) and a(-)

"are continuous

(30) c(a(s,) > c(a(s”)) = c(s™) = ¢® for iEK
e B T

But this implies that

(31) CowsT) =wi(s™)

y;
23

Now, since w (+) is one-to-one on T, and since the intersection C(C(sm))ng

consists of exactly one point w (by uniqueness of solution), it follows

that the limit point s~ is the only point to which a subsequence of {s,}
i

can converge and hence {Si} itself converges to this point.

(32) Corollary: Let A& (0,1) and let a, : T —T be defined by

__8 tMa(s) - s)

(33) S
e - 9]

where a(- ) is defined by (27). Then any sequence {Si} in T generated

according to the law
(33) ‘ s. . =a_(s))

P

converges to apoint s & T such that v(s ) = w(s ).

-13-~



(34)

(35)

(3%)

Proof: We simply note that a)\( +) is continuous and thé,t c(a)\(s)) > c(s)

for all sé T such that v(s) # w(s). Hence the proof is exactly as for

theorem (28). |

Remark: Wevconclude from the above corollary (since X > 0 may be

taken to be quite small without affecting convergence) that even a very

approximate evaluation of a(s) should be compatible with convergence.
We shall now give the algorithm for carrying out the computation

of the optimal control sequence u = (a .y ﬁN) for the minimum

s Ugy e
1’72

energy problem.

III. THE ALGORITHM

Pl. Initial Guess Procedure:

Set s = —Hg—:'_-z—ﬂ— , where c is the center of Q = {x] Hx-c,HSp}

and d = A-Nco, as before. Clearly, 50 is in T. -

P2. Computation of v(so), W(So), c(so), cr(so)

Step 1: By (21),

v(so)=c+ps0 -~

Step 2: Note that w(so) is the point on P(v(so), SO), which is the terminal
state for the minimum energy problem when Q is set equal to P(v(so), so).
Hence, from necessary and sufficient conditions, we obtain (as in (10),

(11)) that
‘ N
= >
W(SO) d+Z s§t< ﬁOSO’ri T,

i
i=1

~14-



(37)

(38)

(39)

v o) :

(41)

for some ﬁo < 0. To compute B, substitute (36) into the expression
for P(v(so), so), and set ‘30 to satisfy (see (20)),
N

(d-—c’--psb0 +Zsat(ﬁso,ri> ri,so> = 0
i=l - '

This computation is quite easy since (37) is a piecewise linear expression.

Step 3: By inspection of (36) and (23),

. N L\ vz
c(so) = ( Z (sat ( poso, ri>)
i=1 -
Step 4: By definition of O’(SO) (26),
S+MW(SO)—C-pSO)
U(SO)={S'ET|S'= s 0=\ =1}

[|s+x(w(sg)-c-ps ) ||

P3. Computation of 5

Step 1: Compute M +1 points R

1 1 . . _
VIV in (39), (assuming of cou?se,tha_t for \ =1,

SV p In cr(so), by setting
A =0,
the point is in D'(SO)).

Step 2: Compute C(Yi) fori=1,2,..., Mby setting S0 =Y in P2. Find

aj&{1,2,...,M} such that

c(yj) > C(Yi) for all i& {l, 2,...,M}.

Step 3: Set



(42)

(43)

(44)

- (45)

Note that it is usually best to start with M = 2 and to increase M only
if (40) cannot be satisfied.

P4. Verification of Feasibility.

Suppose that for some SOE T, we find that the set &(AN) = r(K) does

not intersect the plane P(v(so), SO)’ ‘then it is clear that there is no

admissible control sequence which will take the system from x_ = ¢ _ to

0 0

2 in N steps, i.e. the problem has no solution.

Ste:p 4: Compute a [3":< 0 such that S | -

[(B so,ri> | =21 for i :l,.2,...,N
3
N
<d—c--pso+§;I sgn<ﬁ.so,ri)ri, so>>o : .
_ i=l o
then there is no solution to the minimum energy problem.

P5. Verification of Optimality of 4 -

Step 1: Minimize with respect to p the function -

’ N
2
[la-c-pag + ) sat ( Bag ;) =]

i=l

n>

&lBisy)

is optirhal.

If ,rréin g(B, so) = 0 then 55

P6. Computation of the Optimal Control Sequence.

 Then s

Suppose s satisfies either v(so) = W(éo) or min g(B, so) = 0.

0

0 is optimal and

» u1 = sat ( {3050, ri) for i = I'L,AZ, cees N

=16~



where [30 is determined either by (36) ér by g(ﬁo, so) = 0;

The manner in which these six procedures are combined into
an algorithm is best illustrated by the following flow chért. Note that
when dEQ, u = (0, 0, . , 0) and hence the prbblem becomes trivial. Also
note that the use of P5 can be omitted since the chances of guessing right
the very first time aré very slim indeed. However, if 5, Were the
optimal solution, the algbrithm would not recognize it if P5 were omitted.
It would yield an s # 54 and would then prdceed to construct a sequence

» « «» Which would converge to s_.. The use of a truncation error

S22 %3 0

-€,> 0 is introduced to stop computations after a finite number of steps
%

when Hv(so) - W(so)” e. .

Iv. CONCLUSION

The algorithm presented in section III is the least obvious and
[ Y B e

—

least direct one of the three methods presented. However, its computa-

tional behaviour is considerably better than that of the other two. As a

P e S

reference point of comparison, the author would like to indicate that
J
on a number of specific runs on a problem with N = 50 and n =10 (a tenth

order system with eigenvalues of A ranging from 0.9 to 0. 5), the parametric
peserEr .

method took three iterations and 3 - 5 sec.w of IBM 7094 time to obtain a

solution, while the gradient method of section I required 40 - 60 sec. to

e

compute.
The reason for the good behavior of the parametric method is

obvious: it requires no matrix inversions, and the substitute step, the
i .

3

~17 =~



solution of (37), which it inti‘oduces is easy to carry out.

With nonlinear programming becoming more and more relevant
to control problems, it ié hoped that the present work will facilitate
the task of modifying and adapting standard algorithms to the specific

structure of optimal control problems.

-18-~
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